Abstract. Let {K m } be a parametrized family of simplest real cyclic cubic, quartic, quintic or sextic number fields of known regulators, e.g., the so-called simplest cubic and quartic fields associated with the polynomials P m (x) = x 3 − mx 2 − (m + 3)x + 1 and P m (x) = x 4 − mx 3 − 6x 2 + mx + 1. We give explicit formulas for powers of the Gaussian sums attached to the characters associated with these simplest number fields. We deduce a method for computing the exact values of these Gaussian sums. These values are then used to efficiently compute class numbers of simplest fields. Finally, such class number computations yield many examples of real cyclotomic fields Q(ζ p )
Introduction
In [Bye] , [CW] , [Gra2] , [Jean] , [Laz1] , [Laz2] , [Lou3] , [Lou6] , [Lou7] , [LP] , [Sha] , [SW] , [SWW] , and [Wa1] , various authors dealt with the so-called simplest cubic, quartic, quintic and sextic fields K m , i.e., the real cyclic cubic, quartic, quintic and sextic number fields associated with the cubic polynomials P m (x) = x 3 − mx 2 − (m + 3)x − 1, the quartic polynomials P m (x) = x 4 − mx 3 − 6x 2 + mx + 1, the quintic polynomials P m (x) = x 5 + m 2 x 4 − 2(m 3 + 3m 2 + 5m + 5)x 3 + (m 4 + 5m 3 + 11m 2 + 15m + 5)x 2 + (m 3 + 4m 2 + 10m + 10)x + 1 and the sextic polynomials P m (x) = x 6 − 2mx 5 − 5(m + 3)x 4 − 20x 3 + 5mx 2 + 2(m + 3)x + 1. One nice feature of these families of real cyclic number fields K m is that, under some slightly restrictive conditions, not only are their regulators small and their class numbers h K m large, but systems of fundamental units of their ring of algebraic integers are known. Hence, they can be used to find real cyclic fields K m of prime conductors p and class numbers h K m greater than or equal to p (see Tables 1, 2 , and 3, and [CW, Theorem 2] and [Lou7, Corollary 10] ). These class numbers h K m divide the class numbers h + p of the maximal real subfields Q(ζ p ) + of the cyclotomic fields Q(ζ p ) of prime conductors p (see [CW, Lemma 2] ). However, in accordance 456 STÉPHANE R. LOUBOUTIN with Vandiver's conjecture, we found no example of p for which p divides one of these class numbers h K m .
So, let K be a real cyclic number field of degree q > 1 associated with a Qirreducible monic polynomial P K (X) = X q + a q−1 X q−1 + · · · + a 0 ∈ Z[X]. Let X K be the cyclic group (of order q) of primitive even Dirichlet characters associated with K. Let h K and Reg K be the class number and regulator of K. We have (see [Lan, Chapter XIII] and [Lou4, Section 2] ):
(1)
We let χ K be any generator of X K and let σ be a generator of the cyclic Galois group Gal(K/Q). We developed in [Lou3, Section 4.2] , [Lou4, Section 2] and [Lou6, Section 3.3] an efficient method for constructing a generator χ K of X K from the knowledge of P K (X). This construction is particularly simple in the case that the conductor f K of K is square-free and all the subfields of K are also of conductor f K , which amounts to asking (i) that f K = t i=1 p i is a product of distinct odd primes p i ≡ 1 (mod q) and (ii) that χ K = t i=1 χ p i , where each χ p i is a character of order q modulo p i . Then, for efficiently computing h K (when Reg K is known) for f K large, we use (1) and generalize [WB, Section 3 ] to compute efficiently good enough numerical approximations L N (0, χ) to the L (0, χ)'s, 1 = χ ∈ X K . Let χ be a primitive even Dirichlet character of conductor f χ > 1 and order q χ > 1. Set
W (χ) = τ (χ)/ f χ (root number) (hence, |W (χ)| = 1), and ω(χ) := (τ (χ)) q χ . Then (see [Dav, Chapter 9] , [Lou4, Theorem 12] , and [Lou5, (11) ]),
Let L N (0, χ) be the approximation to L (0, χ) obtained by disregarding in this formula the indices n > N, N ≥ 1 a positive integer. Then, L N (0, χ) is easy to compute numerically, and setting 
From a practical point of view, Proposition 1 is useless if we do not know how to efficiently compute the root numbers W (χ), 1 = χ ∈ X K . However, there is no known general formula for root numbers (see [BE82] ). In the case of simplest cubic fields K of prime conductors p, one can use standard formulas on Gauss sums to get a formula for ω(
3 . This leaves it unspecified as to which third root of ω(χ K )/p 3/2 is equal to W (χ K ). As in [SWW] , one can get around this problem by using the formula h K = |L (0, χ K )| 2 /Reg K , by (1), to compute three good enough numerical approximations |L N (0, χ K )| 2 /Reg K to h K so that only one out of them is close enough to a positive integer to be the numerical approximation to the class number h K . The main drawbacks of this method are that its complexity is hard to study and that it becomes even more complicated for simplest cubic fields of nonnecessarily prime conductors or for cyclic quintic fields of prime conductors (see [SW, Section 4] ). In contrast, we recall how one can efficiently compute root numbers. Set
According to numerical computations, to theoretical results and to a conjecture of ours (see [Lou4, Section 4.4] ), θ(1, χ) = 0 should always hold true. We explained in [Lou4, Section 4 .1] how one can compute the exact value of ω(χ) from the numerical computation of good enough approximations θ N (1, χ l ) to the θ(1, χ l )'s for 1 ≤ l ≤ q χ and gcd(l, q χ ) = 1, provided that θ(1, χ l ) = 0 for l ≤ q χ and gcd(l, q χ ) = 1. Here, we will simplify the numerical computation of class numbers of simplest fields K by obtaining beforehand explicit formulae for the cubic, quartic, quintic and sextic powers ω(χ K ) of the Gauss sums of the primitive cubic, quartic, quintic and sextic Dirichlet characters associated with these simplest cubic, quartic, quintic and sextic fields (see Theorems 8, 10, 14, 17, and 23) . Provided that θ(1, χ) = 0, it is then easy to deduce the exact value of W (χ). [Lou4, Lemma 4] ). Fix ∈ (0, 1]. Let χ be a primitive, even Dirichlet character of conductor f χ and order q > 1 Assume that ω(χ) is known and that N is such that θ N (1, χ) = 0 and |θ (1, χ) 
Proposition 2 (See
We end up with a practically very efficient method for computing class numbers of simplest fields of large conductors. Our method improves upon the ones used in [CW] , [Jean] , [Sha] , [SW] and [SWW] .
Prerequisites on Gauss sums
Lemma 3. Let χ be a primitive Dirichlet character of conductor
In particular, if all the χ are of the same order q, then
Proof. Apply Lemma 4 with χ = 1 f the trivial character modulo f , note that
, and prove the result in the case that f = p e is a power of a prime, in which case the proof is easy. Now, let χ be a primitive Dirichlet chraracter of order q > 1 and conductor ∆ > 1. Let M χ be the cyclic subfield of Q(ζ ∆ ) of conductor ∆ associated with χ,
Consider all the characters χ
, by Lemma 5. Note finally that M χ is (totally) real if and only if χ is even. 
Simplest cubic fields
, then exactly one of the six associates of α is primary. 
, we obtain u ≡ 1 (mod 3Z[ζ 3 ]) and u = 1. [IR, Corollary, page 115] 
Lemma 7 (See
Then, δ m can be written in a unique way as a product
and
Moreover (see also [Laz3, Proposition 2.2]), 
, the first assertion follows from Lemma 6. By the law of cubic reciprocity (see [IR, Theorem 1, page 114 ]), we have
which implies (7). Using Lemmas 4 and 7, we obtain (8). Finally, let M m denote the real cyclic cubic field of conductor ∆ m associated with χ δ m . We have
We computed the class numbers of all the K m 's with −1 ≤ m ≤ 1066285 and ∆ m = m 2 + 3m + 9 ≡ 1 (mod 4) a prime. In that situation, the product
and K m ) divides the class number of the 
Simplest sextic fields
Using simplest cubic fields we obtain only a few examples of real cyclotomic fields Q + (ζ p ) of prime conductor p and class number greater than or equal to p. To obtain many more examples we will use simplest sextic fields to prove that if ∆ m = m 2 + 3m + 9 ≡ 1 (mod 4) is prime and ∆ m > 4565, then the class number of the real cyclotomic field Q + (ζ ∆ m ) is greater than or equal to ∆ m (see Remark 11 below). Assume that ∆ m = m 2 +3m+9 ≡ 1 (mod 4) is square-free, m ≥ 1, and let
is one of its two conjugate associated sextic characters. Note that χ Gra2] M. N. Gras proved that N m is a simplest sextic field associated with the sextic polynomial
m . Let N be a real cyclic sextic field. Let U N and σ be its group of algebraic units and a generator of its Galois group. Let L and K denote its real quadratic and real cyclic cubic subfields. Let U *
denote the so-called group of relative units of N . It is known that there exists some so-called generating relative unit
is a positive divisor of h N , by [CW, Lemma 1] , where χ N is any one of the two conjugate primitive, even, sextic Dirichlet characters of conductor f N associated with N . For the simplest sextic fields we have: 
Hence, setting m :
Proof. Let χ be a sextic Dirichlet character modulo a prime p ≡ 1 (mod 6 
Using Lemma 4 and Theorem 8, we obtain the desired result.
Remark 11. Since Q N m is not that easy to compute, it is much easier to compute 
Simplest quartic fields
Let K be a real cyclic quartic field. Let U K and σ be its group of algebraic units and a generator of its Galois group. Let L denote its real quadratic subfield. Let h L be its class number. Finally, let U * 
(which does not depend on the generating relative unit). Then, it holds that 2Reg L Reg *
is a positive divisor of h K . [BE82, Section 4.3] , but using it, the numerical determination of τ (χ π ) would require at least p elementary operations.)
is a primitive, even quadratic character modulo ∆ m , and τ (χ
Proof. According to Lemmas 4 and 12 and using
(by induction on t) and
(for the p i 's are all equal to 1 modulo 4), we obtain (11). Using (12), we obtain 
Proof. (13) follows from (11). Since χ δ m is even, the cyclic quartic field M m of conductor ∆ m associated with χ δ m is real and 
5.2. Some numerical computations. P m (x) has only one root ρ m > 1,
is the quadratic subfield of the real cyclic quartic field K m , and 
is a totally positive algebraic unit of K m . Since the narrow class number h 
Lemma 16. Let
π k = A k +2iB k ∈ Z[i] be primary of prime norms p k = A 2 k +4B 2 k ≡ 1 (mod 4), 1 ≤ k ≤ t. Set δ := d k=1 π k = A + 2iB ∈ Z[i]. Then, χ δ (2) = i −B .
In particular, if K m is a simplest quartic field and χ K m is any one of its two associated quartic characters, then χ
K m (2) = −1.
Proof. We have
Proof 
(use Section 2, Corollary 13 and
, from which (14) follows. Hence χ ∆ m is even and the cyclic quartic field M m of conductor ∆ m associated with χ ∆ m is real. As in the proof of Theorem 14, set τ = τ (χ ∆ m ) and
and this inclusion is an equality. Fi-
Simplest quintic fields
In [Jean] and [SW] , S. Jeannin, R. Schoof and L. C. Washington dealt with the so-called simplest quintic fields, the real cyclic quintic number fields associated with the quintic polynomials
m , where ∆ m = m 4 + 5m 3 + 15m 2 + 25m + 25. We assume that ∆ m is square-free. Then, the conductor of K m is equal to ∆ m (see [Jean, Th. 1] ) and the zeros of P m (X) generate the unit group of K m (see [SW, Theorem (3.5) ] and [Jean, Théorème 2]).
Minimal polynomials of Gaussian periods.
Fix χ a primitive even Dirichlet character of order q ≥ 2 and conductor ∆ > 1. All the characters χ a , a ∈ Z, are considered as characters modulo ∆. We assume (i) that ∆ is square-free, hence ∆ = t i=1 p i is a product of t ≥ 1 distinct primes p i ≡ 1 (mod q), and (ii) that the q − 1 characters χ a , 1 ≤ a ≤ q − 1, are primitive modulo ∆. Then, none of the Gaussian sums τ (χ a ), a ∈ Z, is equal to zero, for |τ (χ a )| = √ ∆ if q does not divide a (see [Wa3, Lemma 4.8] ) and τ (χ a ) = µ(∆) = (−1) t if q divides a (by Lemma 5). Let K ⊆ Q(ζ ∆ ) be the real cyclic number field of degree q and conductor ∆ associated with χ (see [Wa3, Chapter 3] ), i.e., Gal(Q(ζ ∆ )/K) = ker χ as a subgroup of (Z/∆Z) (19)) is not equal to 0, we obtain λ 0 = · · · = λ q−1 = 0. In particular, the η k , 0 ≤ k ≤ q − 1, are Q-linearly independent. Hence, they form a Q-basis of K, K = Q(η 0 ) (see [Lon, Theorem 2.11 page 105] for a more general result), and there exists
In particular, η 0 is an eigenvalue of C and P (x) := det(xI q − C) ∈ Q[x] is a monic polynomial of degree q such that P (η 0 ) = 0, i.e., P (x) is the minimal polynomial of the η k 's. Note that (by (17) and (16)),
Remark 18. Let us point out that if χ is the character of order q = 6 and conductor ∆ = 9 defined by χ(2) = ζ 6 , then τ (χ 3 ) = We now explain how one can practically compute this matrix C (see (20) and Lemma 19 below for the result). Let
and J(χ a , χ b ) ∈ Q(ζ q ) denote the Gauss and Jacobi sums associated with the powers of χ (considered as not necessarily primitive characters modulo ∆). Set
(use Lemma 4 and [IR, Theorem 1, page 93] ). We have (19) and (18)
which implies (see also [Tha, Proposition 3] )
for τ (χ a+b ) = 0, from which it follows that
Lemma 19. Assume that q is prime. Set
Define the coefficients d i,j ∈ Z in a unique way by means of
Proof. If gcd(a, q) = 1, then
. Therefore, using (20), we obtain
(see also [Tha, Formula (8)] ). Finally, since
, we obtain the desired result.
Remark 20. If χ is even, then J 1,q−1−a = J 1,a for 1 ≤ a ≤ q − 2. Indeed, 
Moreover, and
Then (see also [Leh, Section 5] and [SW, (3.4 
Taking absolute values, we obtain | | = 1 and = ±ζ Proof. According to Lemma 4, we may assume that f = p ≡ 1 (mod 5) is prime. Then, ω(χ) = pJ(χ, χ)J(χ, χ 2 )J(χ, χ 3 ) (see [IR, Proposition 8.3.3] 
